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Let t,(n) denote the number of edges in the complete r-partite graph on n vertices 
whose colour classes are as equal in size as possible. It is proved that if G is a 
simple graph on n vertices and more than t,(n) edges, and if v is any vertex of 
maximum degree m in G, then the subgraph of G induced by the neighbours of v 
has more than t r-,(m) edges. Examples are given to demonstrate the sharpness of 
this theorem, and its algorithmic implications are noted. 
Let T,.(n) denote the complete r-partite graph on n vertices in which each 
colour class has ]n/rJ or [n/r1 vertices, and let t,(n) denote the number of 
edges in T,(n). Turin [5] proved that if G is a simple graph on n vertices 
and at least t,(n) edges, then either G g T,(n) or G contains a complete 
subgraph on r + 1 vertices. A strengthening of Turan’s theorem, conjectured 
by Erdos [3], and proved independently by Bollobk and Thomason [ 1 ] and 
Erdiis and Sos [4], can be stated as 
THEOREM 1. Let G be a simple graph on n vertices and at least t,(n) 
edges, where r > 2. Then either G z T,(n) or there is a vertex v in G such 
that the subgraph induced by the neighbours of v has more than I,- ,(m) 
edges, where m is the degree of v. 
Bollobis and Thomason showed, moreover, that the vertex v can be chosen 
so that 
d(v) > 1 
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The purpose of this paper is to prove that, when G has strictly more than 
t,(n) edges, any vertex of maximum degree in G can serve as the vertex v. 
Our proof is very brief and closely resembles a proof of Turin’s theorem due 
to Erdijs [2]. We also describe a family of graphs which demonstrate that, 
when G has exactly t,(n) edges, the bound (1) on the degree of v is 
sometimes quite sharp. 
The number of edges in a graph H will be denoted by s(H), and the 
maximum degree in H by A(H). 
THEOREM 2. Let G be a simple graph on n vertices and more than t,(n) 
edges, where r > 2, and let v be a vertex in G of degree m = A(G). Then the 
subgraph induced by the neighbours of v has more than t,-,(m) edges. 
ProoJ: Let T be the subgraph induced by the neighbours of v. Denote by 
S the independent set V(G)\V(T) and by S V T the graph obtained from 
S U T by joining each vertex of S to every vertex of T. Since the vertices of 
S have degree m in S V T and at most m in G, we deduce that 
E(S V T) > E(G). (2) 
It is well known and easily proved that a complete r-partite graph on n 
vertices has at most t,(n) edges. Now S V T,-,(m) is such a graph. Also, by 
hypothesis, G has more than t,(n) edges. Therefore, 
E(G)> e(S V T,-,(m)). 
It follows from (2) and (3) that 
(3) 
as required. 
WI > 4T,- &4> = b- hm) 
The idea of choosing a vertex of maximum degree arose in a conversation 
with U. S. R. Murty on heuristics for finding large complete’subgraphs. The 
theorem shows that, if a simple graph G, on n vertices has more than f,(n) 
edges, then a complete subgraph on r + 1 vertices can be found very easily: 
one simply picks a vertex v0 of maximum degree in G,, then a vertex v, of 
maximum degree in the subgraph G, induced by the neighbours of v0 in G,, 
then a vertex v2 of maximum degree in the subgraph G, induced by the 
neighbours of vi in G, , and so on. Evidently, the set {vO, v, ,..., v,) is a clique 
of G,. 
We now describe the examples. Let k and 1 be positive integers, with 
l>k+2. Set 
n = I2 -lk+k 
and suppose that 
41 - k) + 1 
r=k+l 
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and 
p = (I- 1)V - k) 
k 
are integers. (This will be so, for instance, if I is a multiple of k(k + l).) 
Denote by G,(n) the complete (p + I)-partite graph in which each colour 
class has k vertices, except for one, which has I vertices. Straightforward 
computations show that G,(n) has exactly t,(n) edges and that the only 
vertices whose neighbourhoods have more than t,-,(m) edges (where m is 
the degree) are the I vertices of degree n - 1. If k = o(f), then 
I 1 -z-z 
n 1 &Y 
and so 
n-l= (l-i),- (l-J&r)~. 
Thus, at least for small values of k, the bound (1) of Bollobis and Thomason 
is fairly sharp. 
These examples also show, somewhat surprisingly, that the following 
slight modification of the statement of Theorem 2 is false: Let G be a simple 
graph on it vertices and at least t,.(n) edges, and let u be a vertex in G of 
degree m =,4(G). Then the subgraph induced by the neighbours of u has at 
least t,-,(m) edges. 
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